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1. INTRODUCTION 
Thermodynamics of electromagnetic media, namely, materials acted upon by electromagnetic 
fields, has been investigated at length (see [1]). Materials with (fading) memory are a class of 
models where the response of the material is given by functionals of the history of a pertinent set 
of fields up to the present time. The wide range of applicability motivates the deep interest in the 
subject. As is generally the case, thermodynamics is the natural framework for elaborating models 
of material behaviour. Restrictions placed by thermodynamics are derived in [2] for nonlinear 
functionals. More definite results follow if the functionals are linear, namely, the response isgiven 
by the present values and convolutions of pertinent fields [3]. 
Linear response functionals are known to satisfy the Kramers-Kronig relations (see [4]) which 
arise from the causality property of the functionals. It is the purpose of this paper to establish a
connection between Kramers-Kronig relations and thermodynamic restrictions. More specifically, 
in dealing with transparent media, some conditions are recalled which are claimed to hold for the 
derivative of the real part of the frequency-dependent permittivity. By way of counterexamples, 
the derivative is evaluated and the claimed property is shown not to hold. The contradiction is 
ascribed to a physically common approximation that, for the so-called transparent media, the 
principal value is disregarded in the integrals occurring in the Kramers-Kronig relations. 
2. THERMODYNAMIC RESTRICT IONS 
We consider a system (body) occupying a region T~ in the three-dimensionai Euclidean point 
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space g; V is the translational space associated with C. The vector x E T~ stands for the position 
vector of a point of the body. The symbols E, H, D, B, J denote the electric field, the magne'['c 
field, the electric displacement, the magnetic induction, the electric current density. The time t 
runs over the reals R. The fields E , . . . ,  J are defined on T~ x R and have values in V. The 
following definitions and statements are taken to hold at any fixed point x c T~; the spatial 
domain T~ of the pertinent functions is then usually understood and not written. 
An electromagnetic process P, of duration dp, is a piecewise continuous function on [0, dp) 
with values in V x V given by the pair 
P(t) = (E ( t ) ,H( t ) )  , t E [O, dp), 
where E and H are the time derivative of E and H (at a point) in [0, dp). The choice of 
t = 0 as the initial time for the process is merely due to formal simplicity. At any point x, the 
state 8 of the system at time t is the pair of histories (E t, H t) such that, e.g., Et(u) = E(t - u), 
u E R + = [0, c~). The knowledge of the initial state s(0) and of the process P provides the 
state s(t) at any later time t. The response R(t) of the system, at time t, is the triple of functions 
R(t) = (D(t), B(t), J ( t ) ) ,  t e [0, dp), 
through the constitutive functionals 
D(t) = 1) (E t ,Ht ) ,  B(t) = B (E t ,Ht ) ,  J(t)  : J (Et, Ht ) .  
The literature gives evidence of various formulations of the second law of thermodynamics 
(cf. [5,6]). Here, following [3], we take the second law of thermodynamics a  the statement that 
fod [D. E+ B . H + J .  E] (t)dt >_ O, (1) 
for every cycle, namely, for every process uch that the initial and final states coincide, 8(0) = 8(d). 
For definiteness, linear electromagnetic systems are taken to be expressed by the constitutive 
functionals 
D(t) = e~E(t) + ~(~)E~(,~) d~ + ~HH(t) + ~(~)H~(u) a~, 
J(t) = o~E(t) + o-~(u)Et(u) du + aHH(t) + a~(u)Ht(u) du. 
The primed functions e'~,e'H,... ,a'H are assumed to be elements of LI(R) with values in the 
space of second-order tensors. The tensors gE,..., OH model the instantaneous effect of E or t t  
on D, B, or J. 
As shown in [3], conditions on the constitutive tensors and tensor functions can be derived 
which are necessary and sufficient for the validity of the second law (1). Among the necessary 
conditions, we have 
= = = 
along with the same relations for the equilibrium values, viz. 
~0 °° e°~ = C:E + e~E(U) du; 
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the superscript T means transpose. Moreover, we have 
e~.(~) + w-~(aE + o~Aw))> 0, Z~.(w) > 0, V~>0, (2) 
where the subscripts and c denote half-range Fourier sine and cosine transforms. A tensor 
greater than zero means positive definite. If the system is nonconducting, that is, ~E, (r~, rig, 
and er~/ are zero, then (2) simplifies to 
~}s(~) > 0, z~(~)  > 0, w > 0. (3) 
It is worth mentioning that the inequalities (2) can also be obtained by starting from a dissipa- 
tion inequality that states the nonpositivity ofthe divergence ofthe mean energy flux [7]. Similar 
relations are found in [8] in the time domain by assuming that the total energy at any time is 
nonnegative for every smooth electromagnetic field in every subregion of T£. Such condition is 
not confined to cycles, and hence, seems more restrictive than (1). 
3. KRAMERS-KRONIG RELAT IONS 
For definiteness, consider the contribution of the electric field E to D, i.e., 
/? D(t) = gEE(t) + ~E(U)Et(u) du. 
By Fourier transforming or simply by considering a time-harmonic dependence in the form 
E(t) = E(w)exp(-iwt), D(t) = D(w)exp(-iwt), we have the corresponding form in the fre- 
quency domain, 
fi(~) = (gE + X(~)) E(~), 
where 
fO ° X(w) = elE(U) exp(iwu) du. 
Causality is incorporated through the fact that e~(u) is nonzero as u > 0 only. If e~ E LI(R +) 
and bounded, then X(w) is analytic in the upper half of the complex plane. The Kramers-Kronig 
relations then hold for the real and imaginary parts XR, XI of X, namely, 
XR(w) J -~ 7---  5de, X1(w) = ~ J -~ ~---~ d~" 
The symbol P in front of the integrals is a reminder that the principal value of the integral must 
be taken. Since 
XR(--0J) = )~R(03), ~i~I(-¢d) ~-- --Xl(~d), 
the integrals can be transformed to span on R +, namely, 
XR(w) 2 p for ~XI(~) _2WP fo °° XR(~) d~. (4) = ~-~ d~, x1(~)  = ~ _ ~2 lr J o lr 
It is of interest o observe that 
xR(~) = ~}o(~), x~(~) = ~3~(~). 
For nonconducting materials, (2) then requires that 
x~(~) _> o, w _> o. (5) 
Quite the same relations hold for the transforms of e~, . . . ,  ~r~. 
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4. TRANSPARENT MEDIA  
Transparent media are regarded as weakly absorbing, in the appropriate frequency interval, 
which amounts to neglecting the imaginary part of the frequency-dependent permittivity XI. 
Let w be in the transparency interval, say [Wl, w2], where XI is negligibly small. It is then 
asserted that the symbol P before the integral is irrelevant and we can evaluate the derivative 
of XR through the integral in the Kramers-Kronig relation [9]. 
If this is allowed, by (4), we have 
dX.R 4w f °~ ~Xz({) 
~ = T ]o (@--~)~ d{. 
Because Xi(W) = e~,(w) _> 0 and e~8 is not identically zero, it follows that 
dXR(W) 
dw - -  > 0. (6) 
Also, because Xn = eR -- ~, multiplication by w 2 and differentiation yields 
d [off (eR -- g)] 4w foo  {3XI({ )
do) ---- T J0 (~'2--__ ~-~2 d{ 
> O. 
Hence, we have 
dxR(w) deR(W) 2 [~ - eR(W)] 
T = ~ ~, (7) 
With the further assumption that the magnetic permeability is equal to that of vacuum, the 
index of refraction is found to satisfy both relations (see [9]) 
d(nw) d(nw) 1 - ->n,  - ->- - .  
dw dw n 
Conditions (6) and (7) are clearly a consequence of the Kramers-Kronig relations and of the 
thermodynamic restriction (5), provided that the integral is not meant in the sense of the principal 
value. By means of two examples, it is now shown that disregarding the principal value leads to 
contradictions. 
5. COUNTEREXAMPLES 
The simplest example of E~ is 
e~(u) = e~(O)exp(-au), ¢~(0) > 0, u • R +. (8) 
A direct calculation shows that 
~bo(~) = ~- - -¢ -~(o) ,  ~b,(~) = ~----¢-~ (o) .  
Now, 
w 
x~(~) = ~, (~)  = ~2 + ~2~(0)  
is positive definite for every finite, nonzero, frequency w, and hence, meets the thermodynamic 
requirement. Also, XI approaches zero as w --* c~ but, nevertheless, 
dXR(W_......~ ) = 2oLw 
022 2'~E(0) < 0, d~ (~2 + ) 
Vw>O. 
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Borrowing from [10], a more involved example of e~ is set up such that  :)~I vanishes at a finite 
frequency w0. Let 
e,E(U)=~O(u2 6+ 49)  -- F ~v  2 exp(- -vu) ,  e ° > O. (9) 
By a direct calculat ion, we obta in  
XR(W) -- e 0 17v4 + 50v2w2 + 97w4 
Sv (v 2 + ~2)3 ' 
x (w) = - 
Sv2 (v2 + w2)3" 
Accordingly, XI  vanishes at w = 0, v /v /7  and is posit ive (definite) elsewhere. The derivative 
of XR, 
is negative for small values of w and positive for large values of w. 
In both cases, (8) and (9), XI(W) approaches zero as w --* (x~. According to (6), we expect that 
dxR(w) is positive (definite) for any positive w. Instead, in the first example, dxR(w) is negative for dw dw 
every w e •+ while in the second example ~ is negative for large values of w. The sought dw 
contradiction is then established. A relatively small value of XI in an appropriate frequency 
interval does not justify that we disregard the principal-part restriction on the integrals. 
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